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ABSTRACT

We prove that the class of cardinalities in which a first-order sentence has a
rigid model can be very complicated, and we essentially characterize the
possible classes.

Introduction

A rigid rigid model is a model with no automorphism except the identity.

Ehrenfeucht, in [2], builds some countable {first-order) theories T, to exem-
plify the possible RS(T)={A:T has a rigid model of cardinality A}. He
conjectured that his examples exhaust, essentially, all posibilities; thus he
conjectured that RS(T) is always convex, its lower bound is N, or 8,, and its
upper bound is © or smaller than 1,,. The positive solution of Los conjecture by
Morley [6] raised hopes, but no advance was made, except some works on some
specific theories (order, Boolean algebras, see e.g. [5,8,11]). Ehrenfeucht
conjecture is based on the thesis that “the only examples that exist are the ones
that we can construct.” Here we start from the dual thesis: “every class of
cardinals can be represented as RS(T), except when this is impossible on trivial
grounds.” More specifically, for every (first-order) sentence ¢, trivially RS(¢) is
a 3,-class of pure second-order logic (i.e., there is a sentence

X = (BRI, SRR R,.)(VS;, SN S")o’

0 first order, R, S, variables over relations, and the class is {A | A F x}). We
prove an almost converse to this, i.e., restricting ourselves to A = No+
Zu<c<a k™. We can strengthen our result by weakening the condition on A, but
the effort seems too much for the gain.

An open problem is to remove the restriction on A; but it is much more
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interesting to try to prove positive results for restricted classes, e.g. equational
classes, or the class of | T |*-saturated models. For sufficient conditions for the
existence of rigid models, see Rubin and Shelah [7] and Shelah [10]. Ehrenfeucht
conjecture appears in the problem lists of Chang and Keisler {1}, and Friedman
[3] and our solution was announced in [9].

NOTATIONS. A, &, u denote infinite cardinals, S, (A ) denotes the set of finite
subsets of A. “a,“”a,“%a denote the set of functions from w to a, {f| Dom(f) €
w, Rng(f)C a} and “a U*“7a, respectively; we shall use these notations also
within models of a certain weak set theory.

If M is a model and R is a predicate in the language of M, then R™ denotes
the interpretation of R in M; if R is unary, R™ also denotes the submodel of M
whose universe is R™. If ¢ (x,, - * -, x») is a formula in the language of M then

e™={ay, - ,a) | MEela, -, anl}.

If M is a model and s,,--+,s are relations or functions on M|, then
(M, 51, - -+, 5;) denotes the model derived from M by adding names s,,---, s to

the language of M for the relations and functions s;,- -+, 5. M < N denotes that
f is an isomorphism from M onto N. Aut(N) is the set of the automorphisms
of N.

We shall use the conventions from set theory for denoting classes. Thus
suppose ¢ (x) is a formula with one free variable x. In the language, we denote
{x | @(x)}, say, by G; thus the formula ¢ (x) is denoted by ““x € G”, and in every
model M, G" denotes {a |M - ¢[a]}.

THEOREM 1. For every Z, sentence y there exists a first order sentence  such
that RS(Y)={A|A =R or S.c,x™=A; and A = x}.

Thus assuming G.C.H. for every X, sentence x there exists a first-order
sentence ¢ such that RS(¢)={A | Ak x}.

Explanation of the proof

We try here to explain the proof. In the proof we define specific sentences and
prove which are their models. Here we only describe the models. Note that in
the proof, in each successive claim, we enlarge the model by adding new
elements and relations. In order to simplify the explanation, we concentrate on
the case u = ', so we can get rid of the predicate R, and the parameter n,
whose role is explained at the end.
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The central part of the model N is Pg', which is a model of a small part of set
theory. We want to assure that for rigid models, this part is:

1) with standard o, hence standard finite sets,

ii) well-founded and even countably closed (i.e., all countable sets of
elements of it are represented in it),

iii) the cardinality of N satisfies the 3.-sentence from Theorem 1.

We start with a model M = M, which will be P§. In Claim 2 we enlarge the
model so as to assure w is standard. We look at w™ with the successsor function,
and add two copies of it, and the projection to the old ™. This adds the
automorphism of interchanging the two copies. Moreover, @™ and its copies are
partitions naturally to components (two elements are in the same, if their
“distance’ is finite). Now for any set C of components, the function f which is
the identity on M, and on the components not in C, and for each component in
C, interchange its copies, is an automorphism of the enlarged model M. So it is
enough to “kill” the automorphism interchanging the copies of the first
component (and only them) as then, for rigid M, M, is rigid iff ™ is standard.
The “murder” is done by making the two copies of zero individual constants.

So from now on, in our set theory “finiteness” is standard.

In Claim 4 we eventually want to force our set theory to be countably closed.
We first describe a similar construction assuring well-foundedness. This con-
struction was used in a first version of the proof, but not here, and is already
sufficient to disprove Ehrenfeucht conjecture on rigid models and a conjecture
of Malitz in [4, p. 381] (the conjecture was that if a countable theory T has a rigid
mode! of cardinality w > No, then it has 2* non-isomorphic rigid models of
cardinality w).

Let G* be the abelian group of order two generated freely by the decreasing
sequences of ordinals (of M) of length k. More formally, the set of elements G*
is the family of finite sets consisting of decreasing sequences of ordinals of length
k, and addition is interpreted as the symmetric difference. Notice that substruc-
tion for such groups is addition. We add to M, copies G** ={c, : x € G*} of G*
for each k, and almost give the natural isomorphism, so that the only information
missing on G** is what is its zero. More exactly, instead of the natural
isomorphism or addition, we add to M, the relation

Q ={(cs ¢y, z): for some k x,y,z€ G5 x=y+z}.

Every automorphism h of the new model over the old is determined by a
sequence (x(k): k € o™’) where x(k)€ G** and



276 S. SHELAH Israel J. Math.

a aEM,
Crixgy @ = Cx x € G*

h(a)={

Now we expand the model further by adding a function symbol for the
projection Pr*, whose restriction to each G***' is a homomorphism from G ***!
into G** defined by Pr* (n) = 0 | k, for n a decreasing sequence of ordinals of
M of length k +1. Let M3 be the resulting model. It is easy to check that if
(x(k): k € o™y determines an automorphism of M} over M, then Pr*(x,.,) =
xi. Let us show that when »™ is standard, such a sequence of x.’s exists (except
the sequence of zeros) iff there is an infinite decreasing sequence of ordinals
of M.

If a, is an infinite decreasing sequence of ordinals in M, xx = (a, * - *, ax_1) Wil
define a non-trivial automorphism of M. For the other direction remember x, is
a finite set of decreasing sequences of ordinals of M. If the automorphism is
non-trivial for some k, x, # &, and for each n € x, there is 1, € x;+, such that
Pr*(n1) = 7. So if xi # & we can choose 1y € Xk, and if . € x; is defined,
we can find Ns1 € Xke1, Mesrl K =M. SO Nipopen(n) is an infinite decreasing
sequence of ordinals in M. The construction we have described so far suffices to
prove, e.g., that there is a sentence ¢ such that ¢ has a rigid model of cardinality
p iff u is less than the first strongly inaccessible cardinal.

We now describe the construction that assures countable closedness. Let M,
be the model which “took care” that w will be standard. Let G* be the abelian
group of order 2 freely generated by sequences of length k from Pg. We first
expand M. by adjoining to it for every k € w (in Mz) G**={c, | x € G*} which is
obviously a copy of G*. Obviously we add the relation {(k, ¢, )| x € G*} which is
denoted by G*. As in the previous case we add to M, the relation

Q={csc,z)| forsome k x,y,2E€EG* and x=y+z}

and the function Pr* which acts on each G**** as the projection to G**. The
resulting model, call it, say, M3, has the following automorphisms: for every
outer sequence 7 (that is a sequence that does not necessarily belong to | M |) of
length ™ there is a unique automorphism h, of M} which is the identity on P3%
and such that h,(c.) = ¢..qn for every x € G*. (M} has more automorphism, but
it will be sufficient to “kill” those mentioned.) We shall expand M3} to a new
model M; so that h,, can be extended to an automorphism of M; iff n does not
belong to | M;|. For every n € | M;| which is an w-sequence in M} we adjoint to
M; the set {c,. | o € ¥ (*7{0, 1})™} where “~{0, 1} is the set of {0, 1}-sequences of
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length w which are eventually zero. Before defining the new relations let us first
define G", G¥*" for i €{0,1}. G§" is the subgroup of G* generated by all
sequences of length k except nlk; Gr"=n+ G§ and G**" ={c,|x € GF"}.
Notice that G§™ is a subgroup of G* of index 2 and G{" is the other coset of
G¢". We can now define the additional relation R.:

R4 = {<7'9 Cnoy k7 CX)I k € wM’ n € (WPO)Mia gE (w>{0, 1})M andx € (G-’,‘,(‘L) M}’

that is, ¢,, defines in each G** one of the cosets G3*", namely G*&3. If
1 €| M| then h, cannot be extended to an automorphism of M, since h, must
take each c,, to ¢,.,, o1(k)=1-a(k), o, is not eventually zero so there is no
element c,., in M. The reader can check that if h is a nontrivial automorphism
of M, which is the identity on | M| and ™ is standard, then there is a sequence
of elements of P5™ of length @ which is not in | M| so M, is not countably closed.

In Claim 5 we try to assure that our model will satisfy the sentence from the
theorem. We concentrate on a similar proof, from the first version, which does
not appear here, and is suitable only for cardinals 4 = p~* (so assuming G.C.H.,
for regular cardinal > N,, we get the result). Under this assumption, similarly to
Claim 4, we can assure M is isomorphic to the model (H(u), €) (H(u)—the
family of sets of hereditary cardinality <pu), so w.l.o.g. M is isomorphic to
(H(u), €). o

Let the sentence (AR)(VS) 0:(R, S) (8, —first order) and suppose u satisfies
it: then there is a sequence R of relations over u such that (u, R) fail to satisfy
(3S) 0 (R, S) (8 —the negation of ;). In the model M we define a tree T of
height w: the elements of the a-th level will be elementary chains (M*%: i < &),
M* = (B, R|B,S:), M* satisfies 8, B, = i. The order in the tree is continuation. It
is clear that T has a branch of length u iff (u, R) satisfies (35) 6 (R, S) (that is, R
is not exemplifying the sentence).

We have to enlarge M; to M, such that M, has an automorphism over M; iff
there is a branch of length u in the tree T. This is not difficult: Let G¢ be the
free group of order two generated by the elements of T*. We add to M, the sets
of elements G¥* ={c,:x € G°}, a relation similar to Q of Claim 4 and
the partial three place function Pr} such that for & < 8 < pu, Pri(a, B, x) is the
natural projection from G** into G%*. Each automorphism h of M, over M;
corresponds to a sequence (X, : @ < u)x, € Gf, Pri(a, B, xg) = x (Pri(e, B, x) is
the natural projection from G¥ into GY).

Note that if {t. :a <p},(t. € T,) is a branch, taking . for x., gives us a
non-trivial automorphism. On the other hand, suppose h, x. are given, h
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non-trivial. Note x, is a finite subset of T., and by the condition above
| X« | =|xg| for @ <pB. Hence for some no<w, a,<pu, for every B=a
|xg | = no. By the non-triviality of h, ne#0. It follows that when a,<a < 8,
Pri(e, B, x) induces a one-to-one function from x, onto x.. Remembering that
fora < B <y, x € G, Pre, v, x) = Pri(a, B, Pr:(B, v, x)), we can find ¢, € x, for
a = a, such that Pri(e, B,4) =1, for ap<a <B <pu. Clearly {r: for some
a > ay,t <t} is a branch. This completes the proof of the revised Claim 5.

We still have to explain the proof of the actual Claim 5. Notice that the tree T
was a set of approximations § such that (u, R, §) satisfies 6. In the proof of Claim
5 itself we shall use only countable approximations (which by Claim 4 are
standard). For natural reasons we do not elaborate.

We still have a small debt —the cases u < u™. We ignore the case A = Ny, so
M= cothn Pn <M, ne= p, In this case it is impossible to demand M is
countably closed. Hence we represent u as an increasing union of length w of
transitive submodels, which are countably closed. R,(n, x) will say that x isin the
n-th model. This will complicate somewhat all the proof.

ReEMARK. For brevity we deal only with A > Ry, however, the case A = N; is
easier.

Proor. The proof is divided into subclaims.

Let L,={€, =, R,}, where €, R, are 2-place predicates.
Let ¢, be the sentence which says:

1) € is extensional.

2) € is “well founded”, that is

Vx@Ay(yEx)—=3Ay(yEx AVZ)T1(zEyrz EXx)).

3) € satisfies the pair axiom, that is, for every x and y there exists {x, y}.

4) € satisfies the union set axiom, and the (set theoretic) difference between
any two sets exists.

5) € satisfies the intersection set axiom, that is for every a there exists N a.

6) For every a,b a X b exists.

7) If f is a function and a is a set then {f(b): b € a} exists.

8) If f is a function and a is a set then f| a exists. a is an ordinal if € linearly
orders a, and a is transitive.

9) There exists a first limit ordinal; we denote it by w.

10) VxVy(Ri(x,y)— x € w). Let R ={y | R:«(x, y)}.
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11) VxVy(x Ey € w— R{ CR}).

12) Vy3xR.(x, y), and for every x R7 is a transitive set.

13)  C R{ where 0= is the first element in w.

Let L,= L, U{P,, ¢’ c', R;, R} where P,, R,, R, are 1-place, 2-place, 2-place
relations, respectively, and ¢ and ¢’ are individual constants.

For every M k ¢, we define a model N = N,(M) in the language L.: P§'= M,
IN|=|M|={ci]i=0,1and x €E o™}, (c')¥ =cé, i =0,1, RY ={(ci, ci)] i=
0,1 and x € w™} and RY ={{x,c)|x € ™ and i =0,1}.

Cramm 2. There exists a sentence ¢, in the language L, such that:
a) For every M = ¢, N.(M)E ¢,.

7
b) If M ¢, then P3¢, and there is an f such that N = N,(P{) and

fIPy=1d.
c) If M ¢, then o™ is not standard iff there is an f € Aut(N»(M)) such that
f#1d and fI|M|=1d.

Proor. It is easy to find a sentence ¢, which satisfies (a) and (b). We prove
{c). Let Nk . By (b) we can assume that N = N,(M) for some M such that
ME . Suppose ™ is not standard, then: (" €)=w+ Zo. Let
f:|N|—=|N/|be defined as follows: f[|M|=1d,if a €| N|—|M]| and a is the
n-th successor of (¢')", i =0, 1 (that is, there are (c')” = a,, - - -, a. = a such that
(ai, a;+y) € RY) then f(a)= a; otherwise there exist b,c such that b# a and
(c,a),{c,b) E RY, we define f(a)=b. It is easy to check that f is a non-trivial
automorphism of N and f]|M|=1d.

DerFniTION 3. Let M = ¢, We say that M is countably closed if for every
x € @™ and for every a C (R7})" such that | a | = N,, there exists a' € M such
that for every x, x Ea’' iff x € a.

In the sequel we shall define a language L; 3 L, U {P,}, a sentence ¢ in L; and
a function M » N;3(M) such that for every M k= ¢, Ns(M) is a model in L; and
the following claim is satisfied:

CLam 4. N3(M), s, L; satisfy the following:

a) If M= ¢, then N3(M)E ¢, and if N ¢, then P§ E ¢,.

b) If M E ¢, then P{™™ [ L, = M; if N I ) then there exists an f such that
Ni(PY) = PY[ L, and f| P} =Id.

¢) Let N5 and M = P{’ then there exists an Id# f € Aut(N) such that
fI(N|=(PY-Py)=1d iff ®™ is not standard.

d) Let Nk ¢, then:
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i) If P¢'is not countably closed then there is an Id # f € Aut(N) such that
fIPy=1d.
i) If Pg'is countably closed (and therefore well-founded) then N is rigid.
e) If Nk ¢, then |Py|=]||N].

Proor. We first define the following abbreviations for every n, k € w
(G™, +)=(S.(*(R})), symmetric difference),

that is, x € G™* is the abbreviation of the formula of L, which says that n, k € w,
x is a finite set of functions from k to R} and x + y = z means that x, y, z € G™*
and (x - y)U(y—x)=z.

For notational simplicity let distinct groups G™* have distinct zeros. Note that
in those groups every element has order two, hence addition and subtraction are
the same. For every n, k € w there is a unique homomorphism Pr: G***'— G™*
such that for every x € “*'(R7)Pr({x}) = {x  k}. Pr(x) = y can be defined in L.

Let L,=L,U{P,, P,,G*, Q,Pr*, P;, R,} where P,,P,,G* Q,P,,R, are 1-
place, 2-place, 3-place, 3-place, 3-place and 5-place predicates, respectively, and
Pr* is a unary function symbol. We shall use the following notations: P; =
{x|Pnx)}, Pi"={x|Pnn,x)}, G*™* ={x|G*nkx), RI"*=
{y | Re(n, m, x, k, y)}. Let us define N5(M) for M’s which satisfy ,; we denote
N =Ns(M). Let PY=NyM), for every nk€w"{c.|xeE(G*™)M}=
(G***)™, that is, the elements of (G*™*)" are copies of the elements of (G™*)™
and for (mk)#(n, k) (G***"N(G**) =0; if (x,y)&(0™)* then
(G***)N =@, For every n € o™, (P})" = Uie,#(G***)". For every n € o™
and n € (*(R7))™

(P37 = {cano | o € (“7{0,1h"}

((“>{0,1D)™) is the set of those elements of M which are sequences

0,1 of length w which are eventually zero). Let |[N|[= PYU U e ~(P;)NU U
{(Ps")" [n,m € | M}

QN = {(Cxl,m Cxa,ny y)

n € o™ and there is k such that}
X1, X2 E(G™) and x;+ x,=y

Pr*™(c.n) = Cewx)n and if y is not of the form c,, then Pr*™(y)= ™. Before
defining R, let us define the formulas x € G§*", x € G*"in the language of M.
If n €“%(R}) and k = I(n) (the length of n), G§*" is the subgroup of G™*
generated by {{t}|t €*(RI)} - {{n [ k}} and G}*"= G&*"+{n[k}.
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124 {(”’ ",cmn,m k’ Cx.n>| ”7 K E w -, " e( (1{;‘ ) Y G( >{0a 1}) and
)
(Ga'(kg;’) }‘

So if (Ry™*¥# & then it is either the copy of G¢*" or the copy of G}
Let ¢ be the sentence in L; which says:
1) ¢4, where 3 is the sentence which tells all the information on the domains
of all the predicates in L;; for instance 3 says:

VyVx(Pyy,x)—y €E o (T Pi(x)),
Pil= Uicu G** VxVy(x € y = Po(x) A Po(y)),
Vn, ny,k, kz«nl,kl) #(ny, k)= G*hin Grete = @)

Vx,y,2(Q(x,y,z)—> there are n, k €  such that z € G™ and x,y € G*"*),
etc.

2) ¢

Intuitively Q(x,y,z) will say that x,y are copies of x',y’ such that
x,y,z€G™ and x'+y’' = 2.

3) (i) For every x,y € G*™* there is a unique z such that Q(x,y, z);

(ii) Forevery y € G*** and z € G™* there is a unique x such that Q(x, y, z);
for a fixed y (or x) we get a one-to-one correspondence between G*** and G™*;

(iii) Vx, 5, 2(Q(x, y,2)=>x =y =2z =0);

(iv) Vx5, 2(Q(x,y, z) = Q(Pr*(x), Pr*(y), Pr(z));

(V) Vxl’ Y1, X2, y2’z(Q(x1’ )’1,2) A Q(xla yz,z)—>3u(Q(x1,x2,u) A Q()’1, y2’u))
{(thatis, x,+ ), = X2+ y. =2 X + X = yi + y2);

i) Vx,y,z, u, v((Q(x,y, u) A Q(y, z,0))— O(x, z, u + v)) (that is, (x +y)+
(ytz)=x+2).

Let xE*y be the formula which says that n, k € w, x, y € G*™*, 5 € “*(R}),
{(n)=2 k and if Q(x,y, z) then z € Gg*". From 3) (vi) it follows that E>* is an
equivalence relation on G*™*, with exactly two equivalence classes.

4) (i) VnE w)(VnE”(RT))(Vx € PF")(Vk E w)(RI™* is an equivalence
class of EZ%).

(i) (Yn €Ew)(Vn € “(R7))(Yx,y € PFM[(Vk €E w) RF™ = R™ 5 x =y)].
Let
e(n,nx,y,0)=(n€w)r(n E“(RY))A(x,y €E PT")ro €E“{0,1} A (Vk € w)
(R2"* =Ry =g(k)=0).

(i) (VnE w)(Vn € *(RI){(Vx,y €E P Ioe(n, n,x,y,0).
(iv) (VnE€ w)(Vn E“(RY)(Vx € P3") (Vo € °>{0,1})Iye(n, 1, x, y, o).
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It is easy to see that ¢ and N;(M) satisfy (a), (b) and (e) of Claim 4.

c) Let NEy,,M,=PY M,=P§. By (2) Mk, by (a) and (1) M, is
isomorphic over M, to N»(M,). So if o™ is standard then by Claim 2 there is no
non-trivial automorphism of M,, which is the identity on M,; since | M, | is
definable in N, there is no non-trivial automorphism of N such that f[ (| N|—
(I M| = M,[)) = 1d.

If w™ is not standard then there is an f € Aut(M,) such that f[ M, = Id; by
the axioms in (1) and since f | My =1d, f UId[ (| N|~| M,]) is an automorphism
of N.

d) Let N ¢, Mo, My, M, are the submodels of N whose universes are Pg,
PY, PYU U {(P3)Y | n € 0™} respectively. We first show that if f: | M,| = | M, |
satisfies f [| M,| = Id then f € Aut(M,) iff for every n € w": for every k € 0"
there is an a. € G™*" such that for every b € G***" (f(b), b, ax) € Q~, and
Pr" (ax:1) = G

Let b, c € (G*™)", then (b, c,d)E Q" > (f(b),f(c),d)E Q" = by (3) (v)
there is an a such that {f(b), b, a), {(f(c),c,a) € QV; by 3) (i) a = a.. does not
depend on b or c. As (f(b), b, a..) € QF, (Pr*™(f(b)), Pr*N(b), Pr"(a..)) € Q"
and since f € Aut(M,) Pr*V(f(b)) = f(Pr*V (b)) so ¢ = Pr*"(f(b)) E(G*™* ),
and {f(c), ¢, Pr¥(a.« ) € OV s0 PrV¥(a.x) = @ nx-1.

d) (i) Suppose M, = P{ is not countably closed; if also " is not standard
then by (c) there is Id # f € Aut(N) such that f[|M,|=1d. Suppose w" is
standard and let a C(R})" |a|=N, and a& N (that is, for no a'€|N|
Vx(x € Va’ = x € a)). Let n, be a function from w onto a, then by axiom 7 of ¢,
10 & N. Let f be defined as follows: f[ (| N|= (P5)" —{P5™"|n € |[N|}) =1d, if
x € G*™* then f(x) is the unique y which satisfies (y, x,{no[ k}) € Q" (notice
that , assures that N is closed under finite sequences); let n € (“(R1))",
k€™ nlk=nelk and nl(k+1)#nol(k +1). Let l(g)=k, o =(1,--,1)
for every x €(P5™)" we define f(x) to be the unique y which satisfies
NFEe¢(nn,x,y,0) (see axiom (4) (iii)). We identify o with ¢7(0,0,---).

By the first claim in the proof of (d) f || Mz| € Aut(M,). By the definition of f
(n,m,x)€ PY iff (f(n),f(n),f(x))=(nn,f(x))E€ P3. Suppose (n,n,xk,y)€E
R7Y, let ko€ w™ such that n ko= nelko and nlko+1# nel ko+ 1. If k >k,
then by the definition of f (R:™ " = (R:™™M)N, since (f(y), y,{nol k}) € Q"
and {nolk}E€ (G5, f(y)Ez*y; thus by 4 (i) f(y)E(RI™)"=Rs so
(n,m, f(x),k, f(y)) € RY. If k = ko then (R}™ 4V # (RE™8N and = f(y)E "y
so again (n, 7, f(x), k, f(y)) € RY, since by axioms (3) (iii) and (3) (vi) f*=1d it
follows that (f(n), f(n), f(x), f(k), f(yDE RY & (n,n,x,k,y)E RY.

d) (ii) Let N ¢; and Aut(N)# Id. Suppose M, is well founded; we show
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that M, is not countably closed. let Id # f € Aut(N), since M, is well founded
fIM;=1d. It is clear that for some n € ™f[(P3)"#1d. Let {ax |k € 0™} be as
in the first claim in the proof of (d). Since f# Id for some ko, € ", for every
k = ko a. # . From the definition of Pr there is a sequence {z, | ko= k € 0"}
such that z,€Va, and for every k €™ zi = zi.u T k. Let n ={z. |k €E 0™}
Suppose by way of contradiction 7 €| N|. Then for every ko=k € 0" and
x € (G**)¥ not xE*f(x). Let y € P;" then for some ko<k (RI™M" =
(R™™O8N 50 (n,m,y,k,x)E RY & (n,n,f(y), k, f(x)) € RY, a contradiction,
so nZ|N| and thus N is not countably closed. So Claim 4 is proven.

* ok Ok

Let x,=3R:---3RLVS: - -VS.xs be a second-order sentence and y; a
first-order sentence, then x: is logically equivalent to a sentence

XEaRi"'aRL,_'BS}' . 'asllvxl'"errqu(Ri"'R}u,S}”' lr,xl,"',xm,)

where Si---S7 are relations or function symbols and y; is quantifier free. Let
x+=—38} - SIVx; - -Vx,.x,; we denote R =(R}---R})and §=(S}---S).
W.lLo.g. for every j S is a k;-place function symbol.

We shall define LsD L;U{R3,---, R}, a sentence ¢, in L, and for every
model M in the language LY=L, U{R},---, R}} which satisfies ¢, a model
N«(M) such that the following claim holds:

Cramm 5. i) If M=, and L(M)= L% then Ny(M)E ¢, and if N = ¢, then
N

P E .
ii) If Nk, then |N|=|P7|.
iii) If N = s, M = P§, M is countably closed and M k= ¢, A x. then N is rigid.
iv) If N, and N is rigid then P§ k= A x4 and PY is countably closed.

Proor. Certain details in the proof of Claim 5 are similar to what was done
in Claim 4; we omit these details.

We first define certain formulas in L }. There is a formula ¢ (n, a,5) in L% such
that for every model M of ¢, in the language L%, for every n,a €| M| and
§=(s1," -, ) E|M|, ME¢[n a,3] iff the following holds in M:n € o™,
a CR7, a is countable (in M), s; is a function, Dom(s;) C a“, Rng(s;)C R},
i=1,---,1 and for every x;,-:--,x,€a if the truth value of
X(Ri, - R, S, ", 8 X1, "+, Xr,) is defined then it is “truth”.

Let k be a (true) natural number. We say that (s, s’) is an n-approximation on
a“(a*=axax---xa of length k) if aCRY, s and s’ are functions,
Dom(s) NDom(s") =&, Dom(s)UDom(s’)=a*, Rng(s)C R}, Rng(s")C
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{m :n < m C w}; we say that (s, s') is the n-approximation induced on a* by f if
(s,s') is an n-approximation on a* s=fl(a* Nf(R})) and s'(Xx)=m iff
f(£)ERT— R

We now define G&": G3"= S, ({{{s, 1), -, (s, SN @(n, a,{s1," - -, 8)) and
(s, 5% is an n-approximation on a“, i=1,---,1}); + denotes the symmetric
difference in G{". We define now the function Pr,. Let b C a, m = n, (s;, s1) is an
n-approximation on a*. Let s%=s[(b* Ns{'(RT*) and si*=silb* Us”,
where s"(x)=r iff ¥ € b* NDom(s;) and s,(X)E R{ —R{™" and r>m and
(51, 80* = (s1, 51"

Pri(a,n,b,m,x)=

f:xEG*m=n,bCa, and let
{(51*’ S 511*)’ . ’,(51*, sy §;*>}

x ={(5, -, 50, (55, 5}
(%] otherwise.

Certainly there are formulas in L} which define in every model of ¢, in L { the
relations x € G" and y = Pri(a, n, b, m, x).

Let L= L, U{R},--,R,}U{P, G1,Pr}, Q;} where P,, G}, Q, are 1-place,
3-place, and 3-place predicates, respectively, and Pr} is a S-place function
symbol.

Let M be a model of ¢, in the language L %. We define N = N(M):|N|=
| Ns(M) | U{cand t E(GTY}, PY= No(M), (G1)" ={(a,m,cand|t E(G*")"},
OV ={{Cants, Canm 1= )| 1, 1, E (GT™M}, the relations and functions of N3(M),
and

Pr*Y(a,n,bym,x)=
Coma If X =C,n,and in M m=n bCa t€G?, GI"#J,

d =Pr¥(a,n, b,m,t)
%] otherwise.

Y. is defined in a similar way to the definition of ..

The proof of (i), (ii) in Claim 5 is trivial. To prove (iv) suppose N [ i, is rigid
and denote M = P{’. Certainly M is countably closed. Suppose by way of
contradiction M ¥ xs; then there are functions s,---, s on |M| such that
(M, 51, +, 8)F V%1 - VX Xi(R, § X1, -+, Xm)- For every a,n € | M| such that
(GMM# D, let t,, = {(§1, -+, 51} where §% is the n-approximation induced on
a by s. We define f:|N|—|N]|:
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X if x €| Ns(M)|
f(x)= {if x& M and y is the unique element such that for some

an€|M|y,xt,)€EQY

as in Claim 4 it is easy to see that f is a nontrivial automorphism of N, a
contradiction.

iii) Suppose by way of contradiction N is not rigid, let M = P} and
Id# f € Aut(N): Since M is well founded f!| M |=1d; since M is countably
closed and PY k= ¢ (this can be assured by 4.) by (a) (ii) of Claim 4 f[ P} = Id.
As in the analogous part in the proof of Claim 4 for every a, n € | M | such that
(Gi™™# D there is a unique t,. € (G{")" such that for every x € (G1*")¥
(f(x),x, t.n) € QF, PrY(a,n,b,m,1,,.) = t,,. and for some a’,n’ t, . #J. So it is
easy to define for every n'=n € o™ a, such that

) (G*"WM#JD.

2)Ifm>n a' Ca.Cam

3) If a Cband (G*")™# D then |t,,.|=|t,..|. Note that if Pr¥(a, n, b, n, t,) =
t> then | .| =|1,|. It is possible to choose a sequence {s”| n’ = n € w} such that
= to.n and m < n > Pri{a., n, a.,, m, {F‘}) =3s". For every b and n = n’ such
that (G*")# and bDa, there is a unique s*" €4, such that
Pr(b, n, a., n,5°") = s". We show thatif b C ¢, m = k (G$*)™# & # (G?™)™ then
Pr¥(c, k, b, m,s°¥) = s®". Let § = Pr¥(c, k, b, m, s°*) then

PrY(b, m, an, m, §) = Pri(b, m, a,., m, Pri¥(c, k, b, m, s°%))
= Pry(a, k, am, m, Pry(c, k, ai, k, °%)) = Pry(as, k, G, m, s¥) = s™.

This follows for the axioms of .

So Pri(b, m, a., n,5)= sm= Pr,(b, m, a.., m,W) since | tom | = |tom |, § = P
It thus follows that there are functions s,, - - - 5; on | M | such that for every n, b, if
a.Cbh and (G} )M# D and = (s Y514, (s%, s1*), then (s%, s'*) is the
n-approximation induced by s on b By the definition of G,
(M, 51, -+, 5)EVX),* Xmx1(R, S, X1, - - X)), @ contradiction to the fact that
M= x,.S0o M is rigid and Claim 5 is proved.

Proor oF THEOREM 1. We prove that i, has a rigid model of cardinality A iff
Zeaak™=) and A Ey.

Suppose i, has a rigid model N of cardinality A. Then | P§ |=||N|=A and

o is countably closed, so 2,.,k*=A. By Claim 5, P§ F y. s0 A F x.

Suppose A =y and 2,.,k™= A, and let ry, - - - r,, be relations of A such that
(A5, ry)E xa Since A =2, .,k™ there is a well-founded countably closed
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model of ; M whose universe is A; then N,(M) is a rigid model of ¢, of
cardinality A.
Q.E.D.
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